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Introduction The classical inequality of Hardy for smooth functions 
/GC -(/GR\{0}): 

Jr. {s + iy Jr 

for s / -1 can be generalized in various ways and provides a weighted 
version of Poincare's inequality. The standard generalizations replace 
the weight x s with the radial variable or the boundary defining func- 
tion of a smooth domain, are reduced to the one-dimensional case and 
are proved directly by partial integration, as far as the weight stays 
smooth. Here we we replace the weight by a homogeneous polynomial 
that is singular also away from the origin, so its zero set is a singular 
algebraic cone. In this case no direct method of the preceding form is 
available: the rectilinearization of such a set being non-trivial along its 
singularities. Specifically, singular algebraic varities are rectilinearized 
under the process of "resolution of singularities" then, their singularities 
unfold and appear as "normal crossings". We follow this procedure to 
the extent of " reduction of multiplicity " of an algebraic set and prove 
following generalization. 

Let P(xi, . . . ,x n ) be a homogeneous polynomial of degree d in n- 
real variables belonging to the class V 9H that we define in the next 
paragraph. Let V(P) = {x E R n /P(x) = 0} be the algebraic set that 
it defines. We introduce the Hardy factors: 

VP 2 
~P~ 

We prove the following generalized Hardy inequalities GHp: 



n 1 (p) = p-i, n 2 (p) 



I U\P)f 2 < d(P) I |V/| S 
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for functions / G Co°(R n \ V(P)). This inequality while it is elemen- 
tary to prove when the algebraic variety V{P) is smooth away from the 
origin, it is rather cumbersome when the variety is singular. The above 
inequality may be viewed as direct generalization of Hardy's Here, we 
will consider the stratification of the algebraic variety V(P) by multi- 
plicity and the inequality will be examined through the resolution of 
singularities process. This provides a finite covering, in every chart of 
which the algebraic set is reduced to normal crossings. The inequality is 
readily reduced to a corresponding one for inhomogeneous polynomials. 

Theorem 1 Let P be a nonhomogeneous polynomial of degree d. Then 
there is a constant c[(P) > 0, i = 1,2 such that 

n^fK^p^w^fWl 

If P G V gH then we have the following: 

I n 2 (p)f 2 <c' 1 (p)f^\\^f\\ 2 2 

Jtt i=l 

However, it is worthnoticing that we can refine the crude form of 
the preceding inequality for an inhomogeneous polynomial of degree 
d, belonging in the class described below; precisely there is a constant 
C3(P) > such that in the operator sense on the domain Co°(R n \y(P)) 
there holds: 

/ n\p)f 2 < cg(P) / |v/| 2 + (i + \ x \ 2 )f 2 

JR" iR" 

We present two applications of this inequality: 

• We apply the inequality to a particular case of a problem that 
motivated the study of these inequalities: the existence of an 
asymptotic expansion in powers and logarithms of the distribu- 
tional trace of the heat operator corresponding to 

H ca = - A + — C — 
c ' a \P\ a 

for c G Co°(R n ) and small a > 0. The inequalities provide the re- 
quired estimates for the domain, closure and the Neumann series 



L 
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of a suitable power of the resolvent of H CyOL . The existence of the 
asymptotic expansion follows, in view of the singular asymptotics 
lemma |C1| . from the well known theorem of Bernshtein-Gelfand, 
[BGJ, for the meromorphic extension of integrals containing com- 
plex powers of polynomials. 

• We consider a smooth domain that approaches arbitrarily close a 
non-smooth one: it is defined by the level sets of a polynomial. 
In this domain we compare the growth of functions to the growth 
of the polynomial defining it. This allows us to compare values of 
functions in the following manner: in a smooth metric in a Eu- 
clidean domain represent the domains of given curvature growth 
by the semialgebraic sets defined by specific polynomials. Then 
we obtain estimates of the local growth of laplacian eignefunctions 
in terms of the curvature growth. Here we prove the simple in- 
equality that provides the growth of integrals of functions is such 
semilagebraic domains. 

The article begins with a review of the local reduction of an alge- 
braic set to normal crossings according to [BM1] with certain comments 
that adjust the process with our purposes. In the sequel we prove the 
preceding theorem and its further generalizations and then we proceed 
to the applications. 

2 Local reduction of an algebraic set to normal 
crossings. 

We commence by reviewing the necessary definitions and results on 
blowing up and local desingularization of an algebraic set with guide 
essentially the presentation in |BMlj . 

2.1 Standard Constructions 
2.1.1 Blown up space 

In the various steps we will use conical partitions of unity covering the 
euclidean ball centered at the origin 

B ,e,n = {x£ R n /\x\ 2 := x\ + ■ ■ ■ x\ < e} 
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subordinate to the cones 

C a -i = {X € R n /X 2 i > —5— \x\ 2 } 

for a > 1. Let P n denote the n-dimensional projective space of lines 
through the origin in R ra+1 . Let B^ tn+l = i?o,e,n+i \ {0} be the punc- 
tured euclidean ball around the origin in R n+1 , set 

£ , e , n+ i = {(x,l) £B* Q ^ n+1 xP" :x£l} 

and let a : i?o,e,n+i — > A),e,n+i (z, ^ Then cr is proper, restricts 
to a homeomorphism over £?oen+i> an d <T_1 (0) = P"- This mapping 
is called the blowing up of Bq^^ with center {0}. In a natural way, 
Bq +1 is an algebraic submanifold of i?o,e,n x P": 

Coordinates Let (xi, . . . , x n+ \) denote the affine coordinates in R n+1 
and let t = [t\ : ... : t n+ \\ denote the homogeneous coordinates of R™. 
Then 

B ,e,n+1 = {(X, t) £ B , e ,n+1 X P" : X A t = 0} 

Furthermore -E>o,e,n is covered for a > 1 by the conical charts j = 
l,...,n + l: 

C a -.j = {(x,t) G B G ^ n+ i : t 2 > - — a l^| 2 }) 

with coordinates (xi^, ...,x n+ ± t i), for each i, where 

Jj_ . , . 

Xii — Xi, Xji — , I 7= J 

with respect to these local coordinates, a is given by 

X{ — Xa Xj — XaXji, ^ 7~ J 

Let n > c and -B™ -c (0) then the mapping a x id : i?o,e,c x -Bo,e,c — ^ 
B*(0) x B™- c (0) is called the blowing up of 5 e c (0) x 5 e n - c (0) with center 
C := {0} x B™- c (0) C R n and it is denoted by B1c(B°(0) x #™ _c (0)) = 

Bo,e,c X B™~ c . 
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2.1.2 Blown up volumes and vector fields 

Let the usual volume in R n be denoted by v n , then under blow up with 
center of codimension c > 1 considered in the i-th chart it pulls back 
the volume 

_ c— 1— - 

It is noteworthy the way that the vector fields that generate dilation 
transform under blowing up or down. Let then x = a(y) and 

then in the fe-th chart we have the formulas: 

i^k: D Xi = £>„., 

Ei = 2Eq — D Xk 

Notice theat the Euler vector field E is expressed in the radial variable 
r = \x\ as 

E = rd r = D r 

We will consider mappings obtained as a finite sequence of local 
blow-ups ; i.e., ttn = o\ o ... o ajy, where for each i = 1, r, Oi : Vi — ^ Vi 
is a local blow up with center Q = {0} x i?o,e,n-c of the preceding form 

With Vi = -B ,e, Cl X £ 0ie) n_ Ci and V = B 0,e, Cl X £ ,e,n- Ci - 



The conical atlas partition of unity We conclude with the parti- 
tion of unity of the punctured ball Bq +1 subordinate to its conical 
covering. Let tp € Co°(R + ) with supp(</?) C [0, 1 + e), (j) = 1 in [0,1] 
then set 

Xj(z) = V? 7==; | 
y y 1 + a|xj| y 

We compute its derivatives: 

iiH M*=£ 

This formula is very important because in the end of the blow-up process 
we encounter the derivatives of the localizations functions. These will 
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require the further application of the one dimensional Hardy inequality, 
i.e. in the radial variable. 

2.2 The local desingularization algorithm. 

Here we '11 follow the proof of the local desingularization theorem in 
algorithm devised in [BM] and developed in the conventions that we 
need for the inequalities. It consists of two steps the determination of 
the center and the reduction of the multiplicity. 

Theorem 3 Let P : R n — > R be a regular function. Then there is a 
countable collection of regular mappings ir r : W r — > R n such that: 

1. Each ir r is the composition of a finite sequence of local blows up 
(with smooth centers) 

2. There is a locally finite covering U r ofH n such that ir r (W r ) C U r 
for all r. 

3. If K is a compact subset o/R n , there are compact subsets M r C 
W r such that K = \J r ir r (M r ). The union is finite by (2). 

4- For each r,Poir r is locally normal crossings. 

Determination of the center. Let a G V(P),mboxord a (P) =: m 
and choose coordinates x = (x\, . . . , x n ) such that x(a) = and, in a (P)(0, 0, x n ) / 
the lowest degree homogeneous component of the polynomial. More- 
over denote by x = (xi, ... 7 x n — i ) and let hj = V{xj) be the coordinate 
hyperplanes. Since (<9™ P)(x) / then 

(«9™-\P)(*)~x n -tf(z) =: x' n 

for some regular function H. Then we perform the division 

P(x) = Q(x)x™+ ]T c k (x)x k n 

0<k<rn 

Moreover, possibly after translation, we may assume that c m „i(x) = 
and also observe that each Cfc(x) = d^Jh n P,x n ~ 9™~ 1 P 

Let a G h n then for < k < ovd a P = / up(a) introduce the sets 
V(a) := {(P,ord a P)}, C P (a) := {(c fe ,/x P - k)} 
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The union of stata of multiplicity at least pp(a)(= m) is denoted by 
s V{a) ■= {x ■ oid x P > np(a)} 

as well as that 

Scp(a) ■= {x ■ ord x g > p, forall g G C P (a)} 

First we will use an induction on n (and on m), to arrive at the particular 
instance when for all k 

(*) c k (x) = (x^ m - k cUx) 

while 7 G ^N"" 1 and for some fco,c£ () (0) / 0. In order to handle at 
once the various c k s we define the auxiliary function 

Ap(x) := product of all non zero c^~ k and all their nonzero differences 

The inductive assumption asserts that there is already a uniformization 
for A P : 

•i/- -■<••,' ....<•: . 

This implies in first place that each nonzero c k (x) = {x^ tk )c^.{x) with 

ft k G N™" 1 and c k (0)* / 0. Moreover each nonzero c^~ k -cj 1 ' 3 ~ x A ^ , 
with Ajj G (N n_1 )*. The following elementary lemma suggests: 

Lemma 4 Let x = (xi, x n ). If a(x)x a — b(x)x^ = c(x)x' f and 
a(0)6(0)c(0) / i/ien e^/ier a G /3 + N n or /5 G a + N n 

The lemma implies that the set £ := {^-^$7^} C ^jN™ -1 is totally 
ordered with the induced partial ordering from N" - " 1 and therefore there 
exist a p = min(£) G ^N™ -1 . Therefore we are reduced to the case 
(*) with 7 = p G ^jN n_1 . We show that the special case (*) implies 
reduction in multiplicity by blowing up succesively the components of 
S v {a). 

Sv(a) = S Cp ( a ) = {x ■ x n = 0, ord^x 7 ) > 1} = |J Zi 

I 

where Z[ = C\it=i{hiC\h n ) and / C {1, n— 1}, card(I) = v m —l minimal 
such that J2iei 7i > 1 or equivalently that < J2iei 7« — 1 < 7fc f° r all 
k £ I. Actually, these serve as centers of the desingularizing blowups 
C = Zj, for all k we have that 

ordpCfc > m — k > 0, 

where ordcc fc = m{ x <z C (ord x c k ). 
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Reduction of the multiplicity. Let a G V(P) and choose coordi- 
nates such that x(a) = 0, 1 = (1, . . . , v m — 1). Let further 

C a -e;j,n,i/ m = {C a ;j,n H -B(),e,i/ m ) x P>0,e,n-i/ m 
C Q;e;n)J y m = (C a - e -j jnjUrn Pi i?0,e,i/ m ) x P>0,e,n-i/ m 

and the blowup 

at /? G cr~ 1 (0). We calculate in these conical charts: 

• Let /3 6 C a - e - n: n jl/jn then the strict transform <r|C ra maps as follows 

= Uni Xj = UjUnij = lj • • • j 1) X s = y s ,TL^>S^> V m . 

Its effect on the polynomial is 

(a*( Xn P))(y) = y™P? l (y) = y™[(a*Q)(y) + £ (a*c fc )(y)^- m ] 

0<fc<m 

and we observe that Q(a(f3)) / while (J2 < k<m c k (y)y*- m )(a(f3)) = 
and hence P^(/3) / 0. 

• In the conical sector C a - e -j^ n ^ m , j £ I the strict transform a maps 
as follows 

x n = Vn-, Vji Xj = yj, Xk = ykUj,j 7^ A; = 1, ... , c— 1, x s = y s , s > n. 
Then the polynomial becomes 

(<x*( Xj P))(y) = P/(y) = yf ((a*Q(y))y™+ £ (<x*c fc )(y)y*-™y£) 

0<fc<m 

since in this sector 

x = <r{y),y = (yi, -,y n -i)- 

Observe that 9™~ 1 Pj L ~ y n since Q(a) / while h' n = <7 _1 (/i n ) = 
{Vn = 0} and c m _i = identically. 

We conclude that for all points on the exceptional divisor the or- 
der is not bigger than m, j3 G <7 _1 (C), ord^P 1 < <i if P 1 denotes 
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the resulting regular function. Therefore assume that ordg-P 1 = m 
iff G h n f]{ord y C' k > m — k} where 

4 = y^ m (a*c k )(y) = W') m ~ k .(cl(o(y)) 

and y 1 ' := y~ l .{x 1 oa) and there is ko, (4 () )((j(/3)) / by the particular 
case (*). Hence, 7^ = 7,, if i 7^ j and 7^ = J2i£ili ~ 1 therefore 
1 < |7'| < I7I and since I7I, |7 r | G ^N n_1 it follows that after no more 
than |7|m! blows up of this type multiplicity has to decrease. 

Remarks. 

• Let P G R[xi, ... ,x n ] and V(P) := V the variety it defines. Set 
then 

jl+ ... +j „= fe 5xf...« 

and consequently := V(Pfc) The stratification by multiplicity 
we '11 use consists of the strata that are semialgebraic sets: 

s fc = (v k \ v k+1 ) n v 

If P is homogeneous then by Euler's theorem T> k+ i C Sfe while 
the implicit function theorem asserts that are smooth. 

• Let I(V) be the sheaf of germs of regular functions on R n that 
vanish on V. Let iGSj. then set 

BP 

L x , k = {£ G R n : P G 4(^),E^^T G 



and also that P^fc = L^ k . 



• The class V gH of polynomials consists of those P such that when 
codimY, k = 2 for some k then 

{(x + %)nv;}\W^ 

where 14 is the germ of V at x. 

• If P > everywhere as well as that P±, . . . ,P p > everywhere 
and it is true that 

j 
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then V(P) is not a hypersurface. Then the same procedure with 
more complicated details brings the set to normal crossings, cf 
[BM]. However, if we assume that each of the Pj's belongs to the 
class % then we can proceed without appealing to the desingular- 
ization for codimension> 1. 

• We would assume that P is irreducible otherwise split it in its fac- 
tors and use Young's inequality to deal with its factor separately. 

The inequalities of Lojasiewicz. Through the paper certain dis- 
tances from algebraic sets are estimated by the values of the defining 
polynomials through the fundamental Lojasiewicz inequalities, cf [BM]: 

Theorem 5 Let P be a regular function on an open subspace M C R n . 
Suppose that K is a compact subset of M, on which V{\VP\ 2 ) C V(P). 
Then there exist c, c' > and fi, 0<//<1,i/>1 such that 

\VP(x)\ > c|/(x)| 1- ' 4 , \P(x)\ > c'd(x, V{P)Y 

in a neighborhood of K, sup(/x), sup(z^) G Q. 

It is true that v(K) < sup agi< - /J- a (P)- Furthermore in the case of a ho- 
mogeneous polynomial function in R™ the constant depends on conical 
neghborhoods of the origin. 

In the case of a homogeneous polynomial P of degree m then the 
algebraic cone decomposes as V(P) = R + x K where K is the trace of 
the cone on the sphere. Then Lojasiewicz inequality suggsets that for 
C(K)>0,» = ±: 

|VP| > OnlPl 1 ^ 

This follows from the application of Lojasiewicz on the trace, under 
stereographic projection in coordinates (r,£) G R + x R n_1 , and for 
applying Young's inequality for p, q > 1, pq = p + q,: 

\VP(x)\ > mr m - l \P{£)\ + r rn \VP(0\ > 
> mr™" 1 ^! + Cr m |P| 1 -' i > C' m r^'f 

We choose as p = r -^ L scale and arrive at the result H= h- 
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6 The inequalities. 



Here we will prove the inequalities GHIi,GHi2 for an inhomogeneous 
polynomial P of degree d in the class H and an arbitrary function / € 
Of (R n \ V(P)): 

i l [P](f) = I n\p)f < c [ £ I VJ /I 2 = II/II^(r)' ( GHI *) 

where 

n 1 {p) = p-i, n 2 (p) = 

This inequality will be based on the fact that after a suitable number of 
blow-ups with suitably chosen centers the multiplicity of the polynomial 
has to decrease. The choice of centers is provided in the proof of the 
local desingularization theorem. 

To fix the ideas assume that we are localised in a tubular neighbour- 
hood of V(P) of width e~d-. 

N £ (P) = {xe R n /\P(x)\ < e} 
and also the tubes of width that enclose the strata of multiplicity 

k 

N ektk (P) = {i£ R n /Q k (x) = ]T Pi(x) < e 2 k } 

j=0 

We assume that e±, . . . ,e m ,e are chosen so that this system of tubes 
Ni, . . . , N rn exhaust N e and using functions of the form \ (l^f) ) f° r X a 
one-dimensional cut-offs we localize in these sets. Thanks to Lojasiewicz 
these cut-off functions when differentiated stay away from the variety. 
The integral then is splitted up as 

m 

p[p](f) = E p A p ](f) 

j=0 

where 

i)[p]{f)= I n\P)f 2 

As a matter of fact we have that 

m 

supp(/)= U( su PP(/) n ^) 

3=0 



VP 
~P~ 
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We are ready to set-up the multiplicity reducing algorithm. Select then 
points 

a £ V(P) n N„ he (P) : ord a P = m, codim(S P(a) ) = u m 

and choose a system of coordinates such that x(a) = and also that 

P(0,...,0,x n )~C 

The initial change of coordnates that rectifies the center we will denote 
by K m : N m — > ~R n ~ Um x R Um , which consists of algebraic maps localized 
through tpm,i m at such points on a G S m : 

N m 

K m = ^2 l Pm;tm.Km;lm 

e m =i 

These maps have jacobians < c m (e m ) < J{K m . im ) < C m (e m ) 
6.1 The inequality GHIi for U 1 = P~l 

The inequality in the multiplicity reduction step m => m — 1 

Using the conical partition of unity {x m ,k} subordinate to the covering 
in 

Vm 

\jK m (N e , m (P))C\BJ l -»™ xC k 
k=l 

we localize and compute that 

r Vm r i 2 / 

Im(P)[f}= n 1 (P)f 2 (x)v n < C J2 D k (\P hmtk \-2f m . xk ) (V 

(1) 

where 

_ / 16d 2 V 

c — K m {u m , a) 



d(v m + 1) +m) ) 
N mi i, k = ^ _1 (iV m; o,ifc), N mfitk = K m (N e J n K n ~ Um x C k 

m | vm — 1 

D k = x k d Xk , V k = x k d 2 

fm,l,k = Xm,kf 
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The last integral is majorized further by: 

/ l U\P mXk ) \\D k f l k \ 2 + (QT,k,l(P)fm;l,k) 2 ] (Vlfvn 

The singular term is made of the following factors that we are going to 
keep track in the process: 

Qi,k,i(P) = DkO°&\Pk l '% 

Wm;l,* = (^m;l,fc)"3 , P m ;l,k = ^ m a*( Xk P) 

We perform successive blowups of this type in order to reduce the mul- 
tiplicity of the algebraic set and every time apply the one dimensional 
inequality. Therefore, we introduce inductively for the blow up years 
j > 1 and corresponding blow - up chart kj the following functions that 
can come out: 

N m -j = <7 _1 (iV m y_i), N m , = N e , m 

fm;0,k,0 Xm,kfi fm;j,kj,l G i.Xkj fm;j—l,kj-i,l)i 
fm;j,kj,l = Dftj (^fm;j,kj-i,l—i*j 



2m ^ 

7~Lrn;j,kj = X m,k j a (Xm,kj'ttm;j-l,kj-i)i 
T^m;j,kj,l = P > k j ('^ > m;j,k j - 1 ,l-l)j 
T^m;j,kj,l = (Xm,k j 'D m -j-i ) k j _ 1 ,l) ■ V\., 

QT,kj,l = a *(Xm,k j Q 1 j l -l ! k j - 1 ,l) 

The integral is then majorised by the sum after j m generations of blow- 
ups that are neccessary for the multiplicity to reduce to m — 1 : 

Im(P)[f]<C(e m ,m,d,V m ) f J2 ^-m; lm ,k lrn ^m,V,k lm 

JN ~>™ k lm =l 

for the functions that encode the history of blow ups 



($m,i;fcj - 



Xk~, 



E {fm; 



This sum extends over the set of all i^ m -adic numbers with 7 m digits: 
A 7m (c). After these blow ups the polynomial -P m;7mi fc 7m has multiplicity 
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m — 1. In the next 7 m _i generations of blow-ups: 



Im{P)[f]<C Im-l[Pmyy m ,kj m ](&m,l;kT in ) 



Therefore we have to work with 



I m [P}(f)+I m ^(P)[f] < c 




l{Pm;j,k lrn 



)^m,l;fe 7m 




l ,m— 1 



and proceed analogously. The desingularization algorithm guarantees 
that on the set N m]lm n iV £m _ 1)m _i the polynomials P mnm ,k lm ,P have 
multiplicity m — 1. Therefore the choice of blow up centers entails the 
change of coordinates K m ^\ that we trace in the summands. Their 
appearance modifies the constant c. Thus we have m generations of 
71, . . . , 7 m years of blow-ups. 

Summing up for m = 1 and final step We arrive at the m = 1 
stratum with the following sum of integrals: 



where the pair of indices stands keeps track of the origin of the function 
&i 1: i 2 ;k i2 while the polynomials Pi t -i 2 ,k i2 have multiplicity 1. Hence we 
change coordinates by the map K\ and conclue with an applcation of 
Hardy's inequality. 

Return to N e In order to return back to N e . We summarize the 
process that we followed: 

Rectilinearization of the centers, blow up till we reduce the multiplic- 
ity by 1, again rectilinearization of the new centers and new blow ups 
etc 

This finally made up a map: B : N e — > N e , which is a piece- wise alge- 
braic diffeomorphism outside a variety of positive codimension originat- 
ing from the exceptional divisors of the blow ups. Clearly the process 
can be reversed and the formula derived above. We will perturb back 
the centers and blow down. The rectilinearization maps just modify the 
constants back. The terms that have been produced will be examined 
then. We examine now the ^ > j 1 ,j 2 terms: the Q factors are constants 
hence they just modify the consntant coefficients. The "D-terms split in 




l<i2<ii<m 



E 
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two terms: those that consist of the jacobians and the "Hardy divisor 

_2*1 

factor" y k d . In the course of the blow down process the jacobian terms 
dissapear while in the conical charts of the YV m factor of the coordinate 
system we have that for the radial variable r : 

-2*4 ^ _ 2 ii 
y k a < cr d 

which combine with the blow down formula to give us that 

\D yk (fa)\ 2 = \E(f)\ 2 <r 2 \Vf\ 2 

If r~@ persists then we apply again the usual Hardy inequality. The 
blowing down process will effect the replacement of the \D (fT>) o a)\ 
with a term |V/| and finally we get the result stated in the introduction 
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6.2 The inequality GHI 2 for U 2 (P) 

Here we separate at each year of blow up the "Hardy divisor term", 
x k 2 and blow down directly, which could have been done also in the 
preceding case. We apply the following elementary generalization of the 
Hardy's inequality refered in the introduction, for t G N, / G Cg°(R \ 
{0}): 

iS ic 'ij fi,> y- (eghi » 

and the appropriate detemination of the factors T>, Q that appear during 
the process. Therefore we start with the first blow up in the conical 
charts and obtain in view of 

2 ' 

m 



x k x t v ' 

that since m > 2 

Im(P)[f] = I H 2 (P)f 2 (x)v n <cJ2 [ (\D k f m ;l,k\ 2 + ^kfm^k {B m ,l M f 

Vm f / \ 2 

+C H {H-m-lM) /m;l,fci( B m;l,fci) 2 Wr, 



fcl = l 

where 



16m2 

C-K m (u m ,d)- {2Um + 1)2 
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N m , 1M = a-\N m . 0M ), N mflM = K rn (N tm ) n (R n ~ Um x C kl ) 

fm;l,k\ = ® (Xm,fei/) 
Aci/m;l,fci = ^(/)> #m;l,fci = kfcil 2 > 

Wm;l )fcl = (Vlog|P m;1 , fcl |) 2 , P ro;1)fcl =Xfc>*( Xfcl P) 
The first terms is blown down directly since in the conical chart 

J2 



1 + a 



and hence implies that 



2 

|£>fc/m,fc,ll < T^I V /I' 

1 + a z 



Therefore we have by an application of Hardy to the derivative of the 
jacobian S m; i^j we could comprise all terms in the following inequality 

Im[P](f) < C (\\Vf\\ 2 Hl{Nm) + h-m-APKf)) 

where we have the usual Sobolev space norm: 

l|V/||fli (JVm )=/ |v/| 2 + |v 2 /l 2 

and 

h;m;l[PKf) = H / (^;l,fc) (/m;l,*Bl,*) 2 V n 

Set then 

fm;j,kj = O (xkj fm;j—l,kj-iBm;j—l,kj-i) j ^m;j,kj = & {Xm,kj^m;j—l,kj-i,l) 

and 

h;m;t[P]{f) = f (P m -e,k e )) (fm ; e,k e B i,ke) 2 

ki =l JN t,k e 

Then we derive the recursive formula for these integrals, and then 
through the inequality, which is derived thorugh Young's inequality and 

for \xk e \ < 1 

< Cem 2e I 4 ^^ +1 ) 

\ X k e / 
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then 

Ie-i.e-i[P](f) < Ce, rn , e (||V/|| w+1)(JVm) + /, ; ,[P](/)) 

The first term originates from the (EGHI), Leibniz's rule and the ap- 
plication of Hardy's inequality for the term P>k®m;j,k to transfer the 
derivative to the /-term. The blow down process in the conical charts 
gives us the Sobolev space norms. Specifically we have that 

\D J Xk J m ;e,k e \ = I (j^ E ^J ^ (Xfc,/m;j-l,^_i^m;j-l,fe,_i))| 

Therefore by expanding the differentiation we arrive at 

\Di k J m -Akf <C £ ^l V ^* (x^/ ? n; J -i,^- 1 | 2 |V l3 ^; J -i, fe ,_ 1 ) < 

ii+i2+h=j 

h+i-2=j 

We iterate this process and finally we end up with the following inequal- 
ity 

Ira [P] (/) < C (| | V/| | HPm {Nm) + / m;1 [P] (/)) 

where the term 




contains the polynomial mith mulitplicity m— 1 after the first generation 
of 7m years of blow-ups for the m stratum and (3 m = 2 ^ + -0 = 
2S 2 (i/ m ) + Si(i/ m )~i&. 

Conclusion Having exhausted the first generation of 7 m -years of blow 
-ups we reduced the multiplicity to m — 1 at the cost of bringing in the 
Hardy - factor in the j m + 1 power, and we integrate in the tubular 
neighbourhood of set of lower multiplicity. Again the "center defining 
maps" enter and are composed and we proceed. Higher order derivatives 
appear but they are treated due to the formula that we calculated above. 
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6.3 The inequality for homogeneous polynomials. 

Let P € V gH then the inequality receives the simple form with the first 
derivatives. We start blowing up the origin which supports the maximal 
multiplicity of V we obtain inequalities corresponding to the traces of 
the algebraic set on the balls 

B ,a,n = V(Xj - 1) n C a;jin+1 , j = 1, . . . , TL + 1 

Then we use the preceding inequalities for inhomogeneous polynomials 
and by a scaling transformation we obtain the desired result by trowing 
the "higher order terms". In the sequel we assume without loss of 
generality that we are already reduced to the essential variables and 
proceed through the conical partition of unity and the notation of the 
preceding paragraph: 

h[P](f) = j +i n\p)f\x)v n+l = jrf (Mij) 2 x^-\p d , ld rh n+1 

Now in each cone C a -j t i the function fd,i,j = &*{Xjf) is compactly 
supported and wehave that the volume form decomposes for the volume 
form of R n , v n 

V n+ i = dXjV n 

and the integral splits as 

I'd ,■ 

I,i I' if) y,) n l,i :j> l i:UjiUu J iU J ). l f : V.r ; (CS) 

In each term we have GHIi in the cross section: we obtain for Vj the 
gradient in all but the x^-variable: 

h-i[P d ;iMfd;i,i) <C I E |V7d;ij| 2 = (R d ,i,j[P](U,i,j){xi)? 

where the function is compactly supported in R and smooth with re- 
spect to Xj. Hence we return back to (CS) and we have that 

h[P\U) < cJ2 J R {R d ,iAP]{U^ j ){x j )) 2 xf- z dx j 
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We apply the Hardy's inequality in each summand and obtain: 



{yd - 1) 2 

Cauchy-Schwarz inequality suggests that 



1/2 



1 



N 



Gid Xj Gi 



< 



i=l 



Then apply this for Gi(xj) = (J Rn f 2 (-, Xj)) 1 ^ 2 and thanks to Cauchy- 
Schwarz again we pass under the integral to obtain thanks to Leibniz' 
srule that in gives us the following 



/ d Xj R d , ld [P}(f d . 1:j )( Xj ) 



x^ d 1 dxj < 



El v Vl 2 ^ d_;l 

Ca ; j , n+ 1 %=\ 



Then we blow down in each conical chart and taking into account the 
usual estimates (we apply Hardy's inequlaity for the conical atlas par- 
tition of unity) and obtain that 



n+l 

UP]f<cJ2 



j = l ° @oc;j,n-\-l 



E Wif\ 2 I «n+l 



In the end we scale x i-> x := (A . . . , A 1 x n+ i) Evidently, we let 
A — t- oo to obtain the inequality. Similarly we obtain the inequality for 
H 2 (P). q.e.d. 

2 

Remark. Sticking on the inequality for H 2 = ^ one could also de- 
duce the following inequality, actually by partial integration: for C$(P) 
we have 

AP 



I -p f 2 < C 3 (P) [ |V/| S 

JR» P JR» 



6.4 Further inequalities. 

Let P G V gH of degree <i and for s G R then the following more general 
inequality is true for / G C§°(R n \V(P)): 



P\ s f 2 <C(P,s) 



R" 



R" 



P\ s+ i\X7f\< 
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First we observe that the homogeneity we localize near V(P), the rest 
being treated by rectilinearization and partial integration. We have for 
/ G Cq°(R! 1 \V(P)),(3 = s+2- and Young's inequality for p,q > l,pq = 
p + q: 

£ P\P\PPf 2 . 1 , n ,_2a. 



\P\ s f < 
then we have that 



P 



+ -ipr-r, ( bi i: 



/ \p\ 2 f< I Vrv 2 + 

jr» Jr» P 

» P JR" 



2q 



\P\~f 



< 



v[p- 2 -^f 



Then the last term gives us that for k\ = ^ l ) 



F-^f) \'< 2 («!/!+ J 2 ) 



where 



Now 



Jr» 



2(9-1) 



iv/r 



2(9-1) 



R" 



p-^ru\P)f < d(P) 



(1 + e)«i/i + (1 + -)h 



Now we selct q such that: 

CiKi(l + e) < 
and we have that 

and finally we have that: 



1 



1 + e 
h < C 3 I 2 



^q<l + 



m 



Ci(l + e) 



R" 



P\ s f <c( \P\ 2 ^f+ / \P 



R" 



2(g-l) 



R" 



|V/| : 



Now we split N V (P) = {x e K n /\P(x)\ < r] m },V < 1 hi sets 
Ni = {x€ R n /fT (<+1) < \P(x)\ < rj mi } 
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and accordingly Fj = supp(/) PI Nf. 



[ \P\ S f 2 = jt[ \P\ S f + 




The second term is reduced to the 1-d problem by change of variable. 
The integral near the zero set is treated using the inequality derived 
from (BIi) for e = n m ^ +1 or e = rf 711 analogously for /3 > 0, < 0. 
Finally we scale and obtain tyhe result, q.e.d. 

The inequality for the homogeneous polynomial allows to improve 
the inequality for inhomogeneous polynomials, keeping only first deriva- 
tives: 

Proposition 7 Let P : R™ — > R be a polynomial function of degree d 
from the class V gU with V(\VP\ 2 ) C V(P). Let f G Cg°(R n \ V{P)) 
then for Cs(P) it is true that: 



Proof. From the assumption we localize near V(P), the rest being 
treated by rectilinearization and partial integration. We stratify the 
algebraic set V(P) by multiplicity: 



Since P is inhomogeneous then d > fi. The smooth part being clear, we 
will study the singular strata. Let a € T> m ,x(a) = and Po,m = in a (-P) 
and introduce the tubular neighbourhood of S m of width em 




P-fvn < C 3 (P) / f + (1 + |x| 2 )|V/| V, 




'n 



v(j°) = siU-U E . 



{xeK n /Pl m (x) + P 2 (x)<e 2d } 



We write this as 



N e = C e \JS e \jR e 



where for suitable 5 < 1: 



C EyS = {xeN e : \P\ > 5 2 \P 0ym \} 
S e , 5 = {xeN e : \P\ < 6\P , m \} 
R e ,s = {xeN e : 5 2 \P , m \ < \P\ < S\P , m \} 



Notice that the stratum of multiplicity S m C S €j s, C tt s, R e ,s- 
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The integral 



f p-2/dj2 



splits in three parts , i = 1, 2, 3: 

for the functions localizing in the sets C e< s, S 6t s, R e ,s respectively : 



0,m\ 



\P\ 
\P\ 



5\Po,m\) 

V 2 = i - <fi - 4 

We would estimate them seperately: 

1. Estimate for 1%. The crucial observation is that supp(ip^f) n 
V{Po,m) = hence we apply the inequality for Po,m : 



h < s- 2/d I Wifoft 

JRe,S 

Now in R e s we have that for k\ < \ 



|VVa| < C\ + /ci 



VP , 



0,m 



and we apply the inequality for % 2 (-Po,m) and we are done. 
2. The integral I2 is filtered in the sets, for j > 1: 

= {* G iV e /<P +1 |Po, m | < \P\ < S j \P\} 
and we obtain through the cut-off estimate : 



(C 




VPo. m 






P(),m 



and the fact that supp(/) n V(Po :in ) therefore we have that 
h<C { / 2 + |V/| 2 

JR" 
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3. The last is the term near the cone V(P). Then introduce the sets 
for 77 < 1: 

S e , vd = {x e N e /\P\ > 8rf > S\P , m \} 

Then through the cut-off estamates that allow us to select appro- 
priately e, we conclude that: 

h< f / 2 + |v/| 2 

Summing up we find 

h,e<c[ |V/| 2 + / 2 
JR" 

q.e.d 

7.1 Example: cubic hypersurfaces. 

Here, we treat the inequality for cubic forms (n + 1)- variables, defining 
a conic variety with singular part containing a line through the origin. 
The case n = 2 is treated in [P] with elementary methods. 

If we choose the x\— axis such that V(P) is singular along it then 
the form is written as P(x) = x±Q(x) + C{x) where x, = (X2, . . . , x n+ \) 
and Q, C are quadratic and cubic forms without common factors since 
otherwise the inequality is fairly easier. The form P defines a cubic 
hypersurface in P n with a singularity at the point E\ with homogeneous 
coordiantes 

E x = [1 : : . . . : 0] 

as well as at the points of the variety T where the varieties V(C), V(Q) 
touch each other or the singular set S of V(C) on the hypeplane Hi. 
We assume also without loss of generality that rank(Q) = n. 

For the sake of simplicity we treat first the smooth part of the hy- 
persurface defined for e > by 

V e (P) = \JV eJ (P), V £ , j = {xeR n+1 / 
3 

Observe that in V e (P) it is true that for a > 0, depending on the 
values of P on S n that cir 2 < |VP| < c^r 1 ci = (n + l)e and also that 



dP 



dx-j 



>er 2 } 
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c 3 r 



< 



d 2 P 



< c 4 r. Therefore the integral I he (P)[f] = I{P)[xi, e f] is 



studied in V € (P) by the change of variables for each j by 

*j : -> R n+1 , 

(x 1 , . . .,x n+1 ) ^ (xi, . . . ,x jl ,£,x j+1 ,. . . ,x n+ i),f = P(x) 
Then we calculate v j, n +i = dx\ . . . dxj-id£dxj + i . . . dx n+ i 



<9p 



3Xi 



< c 



/ |v/| 2 t; n+ i 



by applying the preceding inequalities in combination with that of Hardy. 

71 | 1 

To proceed to l2 j£ (P)[/] further we blowup o n +i '■ 
through the usual cones for a > 1: 



Ca; j>+ 1 = {x € R n+1 /^ > T^l^l 2 } 

The procedure will incorporate an induction with respect to n. Explic- 
itly we have the formulas: 

Let j ^ 1 then after restriction to Ca;j,n+i> cr n +i maps as 

* 7^.7 : Xi = ViVj, 

P(<7n+l(«)) =4 P /' 

P/=*iQ}(i5) + C}(i;) 

where v = (v2, ■ ■ ■ , Vj-±,Vj + ±, . . . , v n+ \). At the point a G Tj or a € Sj 
the order ord a (Pj L ) = 2 and we choose coordinates such that u(a) = 
and setting u = (u2, ■ ■ ■ , u n ) we assume that P^ 1 (iti, 0, . . . , 0) ~ u\ hence 

Pj(u) = (1 + lj{u))u\ + ^(m)mi + Rj(u) 



where 



deg(lj) = 1, degOj) = 1, ord a (Z,-) = 0,ord a (6 j ) = 1 

as well as that Rj is of the smae form as Pj but in (n — 1)— variables. 
Then we determine inductively the center 



K nJ = {x G B 0l a,n/ord x (P/) = 2} 
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of blowups and the years v<i of blow-ups for the generation m = 2. The 
formulas for the blowups in the ji-conical chart, j\ / 1 are: 

implying that 

Pj(u) = v 2 n Pj n (v), Pj h {v) = (1 + v h l jh {v))vl + h n (v))vi + Rj(v) 

These blowups are repeated up to the desingularization of V(Rj) and 
at each step we apply Hardy's inequality for the factor coming out of 
the blowup; finally we obtain a smooth chart as precedingly and we 
apply Hardy's inequality. The j = 1 conical chart is carried through 
analogously. 

In conclusion we have that 

/ P-i/Vi < C [ |V/|V + i + £ / 

and scaling we get the desired result. 

8 Heat expansion for operators H c ^ a = — A + 
c\P\~ a 

In this section we will establish the existence of the small time expansion 
of the heat trace of the operator 

H c , a = -A + c\P\- a 

Actually we will prove the A — > oo expansion of the distributional trace 
tr(i? C)a (A) fc x) °f the fc-th power of 

R c ,aW = (H c , a - A) 1 
This will achieved in the following steps: 

1. Determination of the domain of self-adjointness of H Ct0l 

2. Estimates for i? C)Q ,(A) = (H CjQ — A) -1 in various operator norms 

3. The preceding allow us to prove the expansion by considering the 
expansion of each term of the Neumann series for i? c a (A) around 
i?o(A) = (-A n -A)- 1 . 



V n +1 
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4. After identifying the form of these terme we appeal to the usual 
Mellin transform theorem in view of the Atiyah-Bernshtein-Gelfand 
theorem on the meromorphic continuation of integrals depending 
on complex powers 

Domain of Self-Adjointness First we determine the domain of self- 
adjointness of the operator H c ^ a = —A + c|P| _a where c G Co°(R") 
and P is a homogeneous polynomial of degree d in the class V 9H . We 
extend Co°(R n ) provided that the exponent a < ^. 

The Kato-Rellich theorem ( |RSj ) suggests that the operator H ca is 
essentially self adjoint on Co°(R n ). The neccessary semiboundedness 
estimate reads as 

Proposition 9 Let c > 0,0 G CQ°(R n ),a < < 1 then it is true 
that 

|| C.\P\~ a <t> \\ L 2< K || -A<j> \\ L 2 +13 || <j) \\ L 2 

Furthermore the domain closure of the operator // c>Q ,|(CQ°(R n )) for 
small a consists of H 2 (R n ). 

Proof. We decompose the integral in two parts, through a suitable 
partition of unity: one sufficiently close - at distance e l / d - to the alge- 
braic set and one in the complement. Set then 

N e = {x G R n /|P(x)| < e} 

and 

K e = R n \ N e 

Choose xi t + X2 e = 1' su PP(xi,e) C K e the functions that execute this 
decomposition (it just suffice to take functions of the form \ ("f)) Split 
then 

2 = 4>\ + 4>l = {xiA? + (X2A? 

Then for the part localized in A^e, we use the inequality : 

\P\- a < eP- 2/d + B £ 
Hence, we compute and obtain 

|| c\P\- a <j) \\ L 2 = \\ C.|Pr Q (/>l || L 2 + || C.\P\- a (t)2 Hia 
< M. || <f> \\ L oo\\ Xl,e ||l2 +V II (-A)0 2 ||x2 +P || <t> \W 
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having applied twice the inequality p~ 2 / d < C(— A) for the second term 
where the first term is due to the fact for a < ^ then G Lj oc (R ra ). 

Finally, we let e — > and obtain the desired inequality. The Kato - 
Rellich theorem gives the essential self-adjointness we have been looking 
for; the operator H c ^ a is bounded below by — /?. q.e.d 

Further we will examine the closure of the operator, initially consid- 
ered on Cg°(R ri ). For this we write : 

II H Cta <j) HlHI -A</» Wh + || c\P\- a <j> || L2 + 
+{<t>, [(-A) • c\P\- a \P\~ a + c|P|- Q • (-A)] • <f>) 

Therefore combining the obvious inequality for the inner product with 
the inequality obtained above, we get the desired estimate. 



Operator estimates. For the Neumann series we will need the fol- 
lowing estimates relative to the resolvent Rq(X) = ((—A) — A) -1 : 

Proposition 10 Let X be sufficiently large and outside a cone shaped 
region enclosing the positive real axis then the operator norm is, 

\\\P\- a R (X)\\ L2 =0(\X\~ 1+ ^), 
\\\P\- a Ro(X)d i \\ L 2=0(\X\- 1 2 + %) 
\\[\P\- a ,R (X)]\\ L ,=0(\X\- l+ ^), 
||[...[|P|-°, J Ro(A)],...],i?o(A)]|| L2 =0(|Ar fc+ ^) 

Proof. Compute 

(|Pr Q i? o (A)0, \P\- a R o (X)0) 

with (f) G L 2 (R n ). For this use a suitable partition of unity as in Propo- 
sition (2), splitting V = Ro(X)4> G Co°(R n ) as before, far and close 
to the algebraic set V(P). For the term involving tpi = xiip a PPb/ 
Cauchy-Schwarz, while for ip2 = X2ip use the inequality as follows: 

, aP W 11 

ab< h— , - + - = 1, 

p q p q 

2 I o _l 

p=— ,o = 5pP za ,b = 5 p, 
da 

and for the two terms we have that 

|| P~>2 \\ L *< C e || 2 || 
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and also that 

|| fa ||L2< C e \\\~* || 02 

Choosing then 



_ ad | 

S = 5 2-HAI 



we get the desired estimate. The other estimates follow in the same fash- 
ion as the first one. q.e.d. 

The Neumann series We will prove the existence of an asymptotic 
expansion for a suitable power 

and proving the existence for each term there. Actually, R k a (\) is 
represented by an integral kernel since as we intend to show, it is in the 
Hilbert-Schmidt ideal. 

The resolvent expansion for i? c ,a(A) is 



Af-l 

RcaW = E (RoW\p\- a y-RoW + o(|a|- 

3=0 



■(1-^)AT-1> 



the remainder is considered in the L 2 -norm. Use the fact that 

<a(A) = ^d k x (R c , a (X)) 
to calculate the form of the Neumann series for R k ca {\). We set then 

w(\) = (R (\)\p\- a y, 

so that 

JV-1 

R c , a (X) = J2 n l i?o(A) ++0(|A|-( 1 -^) iV - 1 ) 



z=0 

\k 



In order to obtain the Neumann series of i? c ,a(A) to study the beaviour 
of the terms in this series. Therefore we set us 

= &{ (n i i? (A)) = ]T(-r m (diir) RoW e+1 

Therefore we need 

3<ir = J2 n mi i? (A)n m2 i? (A) • • • Ro(X)u mt+1 

niiH hmf +1 =j,mi>l 
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Here observe that the number of i?o(A)-factors is I Conclusively we have 
that for the operator product factor 

Cr Ami ,..., me+1 = n mi « (A)n m2 iio(A) • • • J R (A)n^+ 1 
pj = c rAmi _ mi+1 ■ R (xy- £+1 

0<^ <i,mi > 1 i m i ~\ ^ m ;+i=' 

Now we see that 

\\Cr/- mi ,...,m t+1 \\L 2 < l^r*- 1 

II^II^^IAI-^ 1 -^'- 1 

The trace class norm estimates are derived through the following esti- 
mate from [Cl| : 

Proposition 11 Suppose k > w(g ^ +2) , I > 2,x 6 L 2 p (R n ), 1 + 1 = 1. 
Then x--Ro(A) is in Q(R n ) for A € C \ R + and 

, . nlql-l + 2) 

\\xRo(x) k \\i<c^\\x\\2 P \\r k+ ^^- 

for supp(x) C K CC R n /or a// A in |JmA| > ei?eA + e /or given e > 0. 

Combining the preceding estimates (prop (9), (10)) we can conclude 
that P' 3 £ C/(R n ) and furthermore that 

. . . , n(ql-l + 2) -,, da\ 

II XI 1 ' 3 W \\l< C l>eJ || X h P |Ap+^ 

The existence of the Asymptotic Expansion for tr(xi?* Q (A)). 
We conclude this section with the proof of the existence of the A — > oo 
asymptotic expansion of the trace tr(x-Rc a (A))- The latter for k chosen 
conveniently is a sum of integrals of the form 

r j ' k (X,ai,..., aj ) :=tx(xF' k )(\,a 1 ,...,a j ) = 

nf =1 (^(A)(x i; x m )) • nUiP^ixiMx)^ ... Uj 

with the convention Xj + \ = x\,X = (x±, . . . ,Xj) G H nj . The resolvent 
is given by 

R (X)(x 1 ,x 2 ) = -n-. ^rK n _i(V^X\xi-x 2 \) = - x n / e y 

2 2|xi— X2| 2 2 (47TJ 2 JO 

The existence of the asymptotic expansion of the trace T 3 '' (A, ai, . . . , a,) 
is proved using the Mellin transform suggested by the following classical 
result - stated in the terminology of [C2] : 
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Proposition 12 Let f G C§°(R + ),m G R such that x m f G Lj oc (R+). 
Suppose that the Mellin transform f has a meromorphic extension from 
the half plane {z G C/Kz > — m} with poles and multiplicity func- 
tion S,d = deg(S) and further that lim,Q s -t 00 (\s\ d f(s)) = 0. Then 

f g r°°(R7). 

Using the integral representations for the resolvent and changing 
variables we deduce that the Mellin transform of Tj k with respect to A 
takes the form for k = ki -| + kj : 

f hk {s,ai,...,otj) =c njk (s) / Vr SiCtl a .)(x,y)x{x,y)dxdy 

iR"J'xR + J 

where we have set above 

y := (yi, . . . ,yj) and the integrand consists of: 

r(., au ..., ai )V,V) (l + y2 + ... + y .)-. 

and Q = i*Q is the restriction of the homogeneous polynomial function 
Q : R" J x R J — > R on the y\ = 1 hyperplane 

j i 
Q(x,y) = + Vk-i)^k{y)xl - ^2TT j ^ i+1) (y){x i -iyi + x i+1 y i -i) ■ x { 

k=l i=l 

where • denotes the Euclidean inner product and we have set as well 

(y) = yi • • • yi-Wi+i ■ ■•yj, ^ i+1) (y) = y\... yi-m+2 ■■■yj 

The existence of the asymptotic expansion is a direct consequence of 
the following theorem on the meromorphic continuation of integrals de- 
pending on complex parameters, [BGJ. 

Theorem 13 Let P\, ...,Pk be regular functions onR" andcf) G Cg°(R n ) ; 
then the integral 



/(Ai,..,A fc ) = / \P 1 \ x K..\P h \ x * ( f>uj r , 



can be continued as a meromorphic function on the whole space of the 
complex variables X\,...,Xk; at the same time the poles can be situated 
on a finite number of series of hyperplanes of the form aiAi + ... + afcAfc + 
b + s = where a\ , . . . , a&, b are fixed nonnegative integers and s runs 
through all the odd natural numbers 
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14 Growth of inegrals in semialgebraic sets 

Let P G V gH be a homogeneous polynomial and consider the following 
semialgebraic sets: 

N P ( V ) = {xe R n /e < P{x) < r)} 

Then we consider the function £, supp(C) C Bq^r that satisfies the gra- 
dient estimate for 7, 5 > 0: 

|VC| <7lCl + ^ 

If ip E Cg°(R+) with supp(v?) C [0, 1 + e),(f) = 1 in [0, 1] then <p 
localizes in the space P < 77. We will follow the classical identities 
for the monotonicity formulas, cf. [HLj . Then we have the following 
elementary identity: 

we can differntiate the integral replacing (by (p (^) £ in order to localize 
in Np(r]): 

idv) = I K 2 

and get: 

Then integrate by parts to obtain for Q = |Vi-*| 2 : 

dl c f ( P 2 P P 2 \P\ |VQ|\ a2 

Then applying the conical Lojasiewicz inequality we obtain: 

j^j- < c\P\ 1/m < a] 1/m 

If we assume that Q G V 9H -it is not neccessary, since with partial 
integration we can avoid the term involving VQ - then applying the 
generalized Hardy's inequality we arrive at the differential inequality 
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Then we arrive at the conclusion: 

k(v) < c 1 e c ^ 2 " 2/m / ? (r / /2) 

Actually this estimate combined with Harnack inequalities for semial- 
gebraic sets (proved in |Plj ) provide growth estimates for functions on 
semialgebraic sets. 
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